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ELECTRON RESPONSE THEORY OF LATTICE VIBRATIONS:

CMERGENCE OF CONCEPTS AND A GLANCE AT THF FUTURE

D.C. Waliace
Los Alamos Scientifie Laboratory

Los Alamos, New Mexicc B7545

I. INTRODUCTION

It 18 a rewarding experience to examine the long-term development of n par-
ticular tield of nurural science. From such a study onc sees remarkable long-
term correlations {n the many and diverse individual offorts of researchers,
correlationa which are necessarily unobacrvable in the warkinpgs of the commuuity
at a fixed moment of time. There 18 a senne of propreoss which transcends the
snomentary chaos; there {8 a genre of achievement in the face of day to day frus-
tratf-m. It s also of (nterest to examine the motivatlons which have osratea
at various timen along the patin of development; here one neer how the spec{fi-
crlly human att ltude exerts an overall control on the shape of scfentffic
accompl i shment .,

The problem we connfder In lattice dynamies, or the theory of phenonn,
I'hin {1 an extremely complteated problem, (n which the motlenn of all the par-
ticles tn the ayqatem, the nuclel and the electronn, are coupleds When faced
with any problem of such complexity, {t neomn that physlctnts will invariably
ntart by decoupling toto nlnpgle parttelen, aml then ntudy the effectn of turning
on vartoun fnteractlonn, one at a time,  Thea In the ecarly (9002, peaple were

guite cortatn that the electrical and optieal propertien of metaln resulted from
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the presence of a few electrons which vere nearly independent of the crystal, or
were coupled only through a Boltzmann coilision term, and were free to respond
to applied fields. 1In 1918 the cohesive energy of the alkali halides was under—
stood in terms of the attractive Madelung energy of a lattice of point 1'ona,l
and the compreasibility was explained by a short--range repulsion which Born
realized was due to the "inner structure of the ions."?2

A whole new level of understanding waoc opened up by the work of Schrsdinger
in 1926. This "new quantum mechanics" was quickly applied to the problem of
molecules and solids. Born and Oppenheimer wrote their famous paper in 1927;3
they were thinking specifically of molecules, but their derivation of the adia-
batie approximation holds for a general svstem of nuclef and elactrons. The
adiabatic upproximation means that, to a certain degree of approximation, there
18 no excitation of electrous from one suate tu others, tut the total electronic
state deforms propresaively, as th -melel move. Excepr for the simplest moln-
cules, it 1ia doubhtful LIf anyone in those days seriounly considered the ponsi-
bility of actually solving the Schrodinger equation for the electronle state as
a function of the nuclenr positions, and of thus determiving the potential which
roverns the motion of the naclels For solida, the jesaule of the Born=-Oppen-
hefmer work war to provide o tormal Ju-tifleation Yov separating the nuclear and
electronie mot fon; thia aet (he atapge tor the nepavate development of two
almont-{ndependent dinciplines I'n volld state phvaten:  latttee dynamien, and
the electronte ntructure of cryntal,. We conalder lattlcee dynamfca in the
following Sectlon.  In the electreonte strnctme problem, the atm s to nolve ap-
proxfmately the Sehradioger equat ton for the elecirona (n the fixed potent tal of
a cryntalline array of fonn or muelst,  Slater atarted hia long earcer {n thin

dincipline In the years Tomediately tollowing Senvddinger'n papere, and by 1910
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we had the Hartree approximation, the determinantal wave function, and the
Hartree-Foua equntions.A

The fascination of solid state physics today is that we are finally able to
put the pleces together: we are unitlng the two disciplines which were formally
separated in 1977. The process of development up to today is traced in the

following discussion, and some implications for the Suture are presented.

IT. LATTICE DYNAMICS

We turn to a brief sketch of the history of lattice dynamics in its primi-
tive forms From the beginning, the motivation for studying the motion of the
atoms in a solid was to understand the thermal encrgy associated with this mo-
tion. The empirical rule of Dulong and Petit for the heat capacity of solids
was rtated in the year 1819, as near as T have heen able to determine. Accord-
ing to this rule, the heat capaclty {8 IR per nole, and 1 think people were
protty clevor to figure this out #0 long apo. To understand this value of the
heat capacity, we only need to count the number of degrees of freedom for tran.
Jat fonal motion of the atoms, and adsign the classical equipartition encrgy to
each degree of freodome But licter, the heat capacity of nollds was obrerved “o
decrease toward zero at low temperalured, and thin was expla‘ved an an effect
of quantumn atatiaticn by Efrntein in 1907, There wna ati11 a not feeable din-
crepancy hotween exporiment and theory at the lowest temperatures, and thin wan
sxplatned by Debye [n 1912,0 Debye's model takes the moden of vibrat ton of a
solld to bhe thoue of an elantie continuum, with a short-=wavelenpgth catoff chogen
to ohtaln the right number of depgreen of feedoms The mode® (n characterized hy
a particularty atmple frequency dintetbut fon function, wideh allown atatintical

mechanfcal gunmn over normal moden to be tragaformed to very stmple Inteprals
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over frequency. In this way the Debye model gives a universal curve of heat
capacity as a function of temperature, scaled for each material by its own
characteristic temperature, and Debye showed in his original paper that his
function gave an excellent account of the measured heat capacities for many
solids. So well did Debye's elastic continuum model agree with experiment, that
it had the effect of removing the motivation for furthe: theoretical work for
the next twenty years.

It is well known that there was also published at the sama time a theory
vhich took into account the atomic structure of real solids. This was the 1912
paper of Born and van Kirmﬁn,7 who solved the prototype lattice dynamics problem
of a linear diatonmic chain with nearest-neighbor harmonic forces. In the
following year they also showed that thelr atomic model in three dimensions
should give the same low-temperature T3 hehavior of the heat capacity as does
the Debye model. But every theory i< an approximntion, and physicists have a
strong tendency to use the simplest theory as long as it agrees with experi-
ment. Meanwhile, however, cxperimeitalints are always refining their meascre-
mentd, Ny the carly 1930'a, measured heat copacitica showed deviations from the
Debye mudel; such dovintions were customarily shown fn graphs of the effective
(experimental) Debye temperature an a functlon of temperature. The convincing
explacntion wans given by lllm'kmnn,R who showed by numerteal calculations that
atomic medeln could pive variations fn the effect lve Dobye temperature, aimilar
to the varfattona seen In experiments. It e of Iuterent to aote that Blackman
waa encouraged In his work by the ubiquitoun hora.  Filoally 'a 1940-41 came Kel-
lermann'a ealeulat fonn on Nn(:l.q Kellermamm took realistie forcen between ripfd
fonn, namely Coulombh Interactions hetween point charges, plus nearent—nefghbor

ceuntral repulufon, and caleulated the tregquency dtutrfhatlon fauct fon and acnee
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the heat capacity. Hi result, Figure 1, showr the variation of Debye tempera-
ture due to phonon dispersion in rhe NaCl acoustic branches, and the calculation
is in beautiful agreement with experiment. With this work, the discipline of
lattice dynamics was securely established.

Of the many lattice dynamics calculations which followed, one is of parti-
culas interest because of its artistic ingenuity. LeightOnlo wrote down the
secular equatioi. for a two—force-congtant model for a face—ceutered-cubic lat-
tice. He then praocaeded to carve plaster—of-Paris models ot the conatant-
frequency surfaces, and to determine the frequency distribution function by
measuring the volume enclosed between successive surfaces. The volume measure-
ment war acenmplished by weighing the modelm in air, and also submerged in
water. The compucation gave a good account of the phonon dispersion effects on
the Debyce temperature of silver. When I think of this work, I picturc a patient
man &itting on a lab stocl, white smudges of plaster dust on his knees and
sleeves, carved nndals arranped around the work area, and he is leaning aver the
bench meulpting a curved surface with strokes of a mAcalpel - and he swmiles as he
works.

An event of great importance took place in 1955; that was the announcement
by Brackhoune and Stewart of the Firsr measurement of a phomon frequency and
wavevector by inelantie neutron nvntrvrlun.ll Since that tima, this technique
harr provided ur Jith & great deal of hiphly acrurate information, rhrongh the
weanurement of phonon spectra in a great variety of ¢ryatalss Since these data
provide the monsr direct tont of harmonile lattice dynamics theory, the omphaals
of theory han shifted awey :om computing the heat caomeity, amd towiard detaflod
ntudten of the complete st of phonon dlapersnion curven 1in high-nvmmetry diree-

tionn. Mn the other hand, computat fon oi thermodynamie funsetions ts satill quite
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Figure 1. Temperaturc dependence of the Debye temperature for NaCl [from E.W.
Kellermann, Proc. Roy. Soc. Al78, 17 (1941)]. Smooth line is from

experimental heat capacity, circles are Kellermann's calculation.
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useful in tesuting theories which go beyond harmonic lattice dynamics, as for ex
ample in electron-phonon interaction effects. We note that the modern method of
calculating thermodynamic functions does not use the frequency distribution
function, but goes back to the original stati.cical w-~rhanical expressions, and
evaluates directly the Brilloui-~zone sums of functions of .he phonon frequen-
cles and eigenvec;ors.lz

In the study of ionic cystals, the idea of electron response in lattice dy-
namics was introduc:i by allowing the ions to defcrm as they move. In the time
of Kellermann's work, it was known that the elastic constants of alkali halides
satisfy reasonably well the Cauchy relat‘ons, which is consistent with rigid
ions. But there was something wrong with the optical behavior of rigid ions,
and people were already studying polariczable ion models; this led eventually to
the development of shell models, which have been widely applied and are still in
use today. In 1961 Tolpygol3 ¢ nd Mashkevitch,14 uging quite different philo-
sophical approaches, arrived at quantum mechanical justifications of shell model
equations. But it was in the study of metals where the thecry of electron

respongse was developed in it3 greatest simplicity, a ' with far reaching contc-

quences; we turn next to thut episode.

ITT. METALS AND THE DIELFCTRIC FUNCTICN

We bepin the metals story with Wipgner and Seitz in 1933,15 They undertook
to solve the Schrodinger cquation for the conduction electrons {n metallic so-
dium. To app. oximate pvhe problem they consldered a single Nat {on at the center
of an atomic polyhedron; for the Nat potentlal they used an empirical central
potential fittad to atomic term values; they replaced the palyhedron by a

aphere, neglected all potential from outside the saphere, and molved for the s
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electron function with gradient zero on the sphere surface., This solution was
supposed to represent the lowest—energy conduction state, and Wigner and Seitz
then assumed the higher conduction states had free—electron energies relative to
this lowest state. This remarkably simple picture of the electronic structure
of the crystal gave a good account of the cohesive energy, _he equilibrium lat-
tice constant, and the compressibility of sodlum. The magnitude of the numeri-
cal work is seen from the following interesting quote from the 1933 paper of
Wigner and Seitz: "“The calculation of a wave function took about two after-
noons, and five wave functions were calculated on the whole.”

A few years later, Fuchs!® showed that the eame physical picture of the
electronic structure can account for the cohesive energy and the elastic con-
stants of Cu. An Important contribution was made by Bardeen!” in his study of
the eclectrical conductivity cf monovalent metale. Bardeen noted that the per-
turbation potential acting on an electron, as a result of the motion of the
iona, is the change in the potential of the ion system plus the change in the
Belf-consistent field of the electrons. He further showed th t this total (.o~
tential is Just the bare-ion potential screcned, and he represented the sereen-
ing with a dielectric function. After a long delay due to the war, progress ro-
sumed with the xrk of Toya in 1958, 18 Toya formulated the lattice dynamics
problem In terms of a diagonal diclectric function; he used Rardeon's screened-
ion potential, with a trec—clectron evaluation of the diclectric Camction and
approximate correctlons for exchange aad correlatloa, and caleulated phonon
dispersion curves for Na. The theory contafned two parameters which were fltted
to certain data for Na, amd the computed phonon curven turned out to be in good
agreement with fnefastie neutron scatter{ng meanurements, pubifinhed nome yonrs
later. Tt I8 noteworthy that To, also made calculatlons for Cu, with simflar

succennl,
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It was a emall step from the theory of Toya to pseudopotential perturbation
theory. Nevertheless this step exerted a profound influence on the dicection of
metals theery, becausc of the remarkable simplicitv of the pseudopotential for-
t 1lation. In 1964, Harrisonl!? calculated the thonon frequencies of Al from
orthogonalized-planewiave form factors, and in 1965 Sham?0 produced an ultimately
simple local-pseudopoiential formulation from which he evaluated “he phonon fre-
quencies for Na. In the following years there appeared a major worldwide effort
to apply this theory t> all aspects of metal physics.

The physical basit of pseudopotential perturbhation theory is as follows,.
The electruns in the metal are divided into two groups, the core electrons which
move rigidiy with the nuclei, and the conduction electrons which deform signifi-
cantly as the nuclel move. The conduction electrons must be orthogonal to all
the core electrons; when this requiremant 1s Introduced explicity into the con-
duction-electron Schrodinger equation, the problem is transformed into a pertur-
bation problem whose solutions agfe pseudo-wavefunctions and true electron encr-
gles. Because the pseudopotential can be treated as a perturbation, it is easy
to study the total system enerpy for arbitrary positions of the nuclei. This
allows the theory to he applied te problems beyond harmonic lattice dynamics,
such as anharmonic effects and even lquids. The Llist of propertlies which can
be ruvasonably accarately computed from psrudopotential theory s truly
fmpressive; It Lncludes the shape of the Ferml surface, the presaure dependence
of the ferm! surface, the coheslve energy, the most=stable crystal structure,
defect energles, the phonon wpectrum and phonon Grinelsen parameters, the fre-
quency~dependent optical propertices, roslstivity of Hquld wetala, atructural

phare change due to a chinge In temperature, eolectron—phonon enhancement of the
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electronic heat capacity, electronic thermal e-pansion, and the superconduc!ing
transition temperature. The conclusion, which was clear by 197", is that for
those simple metals for which pseudopotential parturbation thaory should apply,
a fundamental unification: of a wide range of solid state thenries had been
achieved. As an illustration of the kind of results produced in those days, I
show in Figure 2 some calculated phonon dispersion curves for Al, solid lines,
compared with measured values which are the dots.

The last major development up to the “present time” in the theory of lat-
tice dynamice was the presentation by Sham2l in 1969, and by Pick, Cohen, and
Martin 22 in 1970, of the formal theory which is called the microscopie theory
of lattice dynamics, or the dielectric function method. The two works were
overall quite similar, and shared the following characteristics: they were de-
signed to apply specifically to Insulators, the electron-nuclear potential was
taken as the Coulomb potential of point charges, the dynamical matrix was ex-
pressca explicity in terms of the inverse dielectric function, and both papers
decrived in microscopic Lorms the acourtic sum rule and the Lyddane-Sach-=Teller
relation. Some interpretive comments about the microscopic theory might bhe usc-
ful. First, the theory presented by Sham and by Pick, Colien and Martin is
valid, with only minor modification, for metals as well as insulators. Further,
the bare nuclear potential can be replaced throughout by an ion core potential,
There are three different but equivalent wayn in which the physical conten. of
the ncoustic sum rule can he atated: it 18 the requirement that the acoustle
phonon frequencies po to zero aA the wavevector poes to zero; It I8 the require-
mont that the coupled system of nuclei (or tons) amd electrons be translation-
ally tnvarfant; It s a condition on the long wavelength behavior of the non-

local dielectric function, or any vi' the polarizabil**r functtona reloted o
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Figure 2. Phonon frequencies for Al [figure is from D.C. Wallace, Phys.
Rev. 187, 991 (1969)]. The lines are caleulated from pacudo-

potent inl theory, the dota are from experiment.
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it. Finally, an essential difference betwecn the electron response of wetals
and of irsulatoivs is easily pictured in terms of the dielectric-function formu-
latio-. If one considers a lattice of nuclei, or positive iona, in a rigid
negative charge distribution, the longitudinal acoustic mode at zaro wavevector
has frequency equal to the plasma frequency uf the nuclei. If now the negative
charge 18 allowed to deform, that 18 to ccreen the motion of the nuclei, then
the longitudinel acoustic mode frequency at zero wavevectnr 1s reduced to zero.
For a metal! this reduction csn be accoamplished with only diagonal screening,
that in, when only diagonal el:ments of the diclectric function are considered.
Thie is because in a metal th: energy pap between occupied and unoccupied elec-
tronic levelas is zero, which makes diagonal components of the dielectric fu.r-
ticn go to infinity in the long wavelength 1imit. On the otker hand, for an in-~
sulatnr therve I8 an energy gap in the clectronie apectrum, the dielectric funce-
tion romains finite, rnd the longitudinal acoustic mode frequency cannot be re-
duced to zevo hy ulagonal screening alone. Tn other words, to matisfy the
scoudtic sum .ule, a dinponal dielectric function 18 sufficient {n metals, while

{n inmulntors the ofr-diaponal elcements must e kept.

IV. THF PRESENT

This bringan us to tir present tfme. By the present, 1 mean the decade
which has Junc clowned, the decade of the 1970'w. Thia period han been charac-
terized by a tdeupread applicatfon of the mlcroscople theory of eolectrun re-
aponne to solid state problemn. T wilt briefly deseribe the treada, the flavor
of thin activity; we slnll have the good fortune to hear of toe detalln from

other apeakers at this meeting.
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An important aspect of the present neriod is th: maturity of the theory cf
electronic rtructure of solids. After four decadoa of development under the
leadership of John Slacer, and the wnrk of hls students, and the work of their
students, with APW and statistical exchange arnd the use of large computcers, we
nov have d:tailed solutions in the une-electron approximation for practiecally
any crystal of intcrest. By the earlv 19/0's it was possible to calculate hy
this theory the cohesive enargy, equilibrium lattice spacing, and compressi-
bility of elemental crystnls.23 The availabllity of good electronic structures
is proving now to he extremely valuable in developing the microscopic theory of
electron response; this theory 18, atter all, an 2xpliclt statcment of the fact
that the electronic atructure changes in recponse to an applied perturbation.
This connection has encouraged a healthy increase in interdisciplinary at:dy
among rolid state phyricists today.

OUne problem of iInterest ia in connection with supcrconductivity. There is
a deep reintion between the micrascopic theory of phonona and the Bardeen-
Coorer--Sehrleffer theory of superconductivity. Both have at base Lae screcned
electron~fon fnteract (ong {n phonons this er*ers througn the sereeaed {on={ion
interaction; iIn asuperconductivity It enters through the phonoi—mediated clec—
tron-clectron interactfon. Now thece {8 an experimental correletion hetween tthe
appearance of anomalles (n the phonon disperafon curver, and high superconduct-
Inpg Ltransition temperature. The fact that this subtle prob w 1. helng atudled
on the level of the electrop=ion tnteraction amd the diclocti ¢ function shows
tie prenent level of aophiat (eatlon of the theory,

There nar boen such work fn the 19700 on covalent materiala, A major the-

cretleal deviee tn e arca Is ppeadopotent iala, whileh may he determined to re-
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produce accurate band-structure calculationa, but which are not trented as a
perturbation. Calculations have been done of the frequency-cdependent optical
properticn, showing the importance of local-field corrections, which are the ef-
fect of off-diagonal elements in the die.ectri: function. The phonona, however,
are much more difficult to calculate than the optical prorertiecs. This great
difficulty was cause for several years of frustration in the theory of phonona,
until finally there appcared some remarkable approximations which greatl» gim—
plify the computation, and which appear to give amunzingly good results. These
approximations are: the use of special point saums, say with | ar 2 or & points,
to represen: Brillouin Eone sums, and the replacement of perturbation-theory on-
ergy denomlnators in such a way that one sum over states can be rried out ana-
lytically, by completencaes. One has the feel ng that to learn why such methodrs
should work will be to gain anme new insight Into the nature of clectron re—
sponsce, An example of the kind of results obhtainnble is shown in Figure 3, a
comparison of meiannred and calculated phonon frequencies for §Sfe The calcula-
tion, solid lincs, 18 based on a mousnt expantifon of the dielectric functfon. 4
As a final comment on the presont sftuation, {t may he noted that w luve
come to a Rlightly penerallzed view of the adiabat fe approximation. What w do
i to write the Hamiltonfan for the system of eledivons and nuelel, formally
rolve for the adiabatic motion, where the electronn remain at. all timen (o thelr
groundntate, and then treat the nonadiabatic termn as o perturbatfon. The per-
turbatfon can e expresscd as a serfea In electron=phonon Interact tonn, and
given correctiona o second order to the electron enovgien, and to the phonon
onor“lvu.lz In this way one ealeulates nonadiabat {e correctfonn 1o the normal
atate fo metaln.  Some ol peivat lonn abour thin theory which ahould be kept (n

wind: {1t In premmably anymptotie; the perturbat ion pevien s oxpected to
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Figure 3. Phonon frequeacien for 81, Solid 1ines are ealculated, open
symbe 1 arce from experiment [the flgure s from P.E. Van Camn,

V.K. Van Doren and J.T. Devreese, Phya. Rev. Lett. 42, 1224 (1979)].
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diverpe bacause of the prasence of the superconducting groundnute;zs the
nonadiabatic Hamiltonian containe tcerms of all orders In the electron-phonon
interaction. Kence sn infinite order caleulation of tha firet-order

elect ron-phonon tcrm, such as m.udnl.26 has dono, is not sufficiont for a real
metal in strong coupling. One hopes not to have to doal with strong coupling in
practice; in this connection we note that, in practical computations, the
electron-phonon interaction effeccs depend on tho details of the adiabatic

solution which has been obtaiaed.

V. TIE FUTURE

Since the new quantum mechanica was published in 1926, our wndevstanding of
tha physics of dense syAatems of nuclel and clectrons has steadily improved, at a
respectable pace. And we can ay today whot wna undoubtedly sald wment of the
time along the way: It is an exciting time in solld siate physicn.

Onc arca in which there will probably be increased effort In the future,
and correnpond.np theorctical nuccenn, 18 in Lthe study of liquids a. amorphoun
materinin, of tuelr clectronle structure, and propertics such an transport coef-
ficientn, melting, rdd diffusion. And, spurrad by controlled=fustion research
and nntrophysical applications, there should be wlvancen (n the theory of denre
ayntims at extremely high preasures amd temperaturen. (n another front, an the
standa,'d one=electron theory becomen incorporated into a wider range of probh-
lema, there will bhe opportunitien fur new progreas {n many=-electron tacory.

In thisn comnect lon there In a well=known thorem of liohenbherg and Kohn?? yhich
haldn a fanciunt fon for many=hwudy phyaicirine The theorem states that the
enrrpy of a nyntem of clectronn In the predence of an arbltiary f.ed potent fal

in a funet tonal of the electronte dennity, amd the part of the encipy not
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depending explicitly on thz cxternal potential is a universal functional, and
the correct groundstate electronic density minimizes the energy functional.
This theorem has been uscd In a form which still requires self-conaistent
solution of a set of single electron equnt:l.ons,28 but the attraction of the
theorem is on a dceper level: from it one knows that it must be possible to
find the groundstate of the syatem by solving a single equation for a single
function, namely the eloctronic density. The problem is, we don't know the
functional, so we don't know the equation to solve. But, looking again to the
futurce, one ean be sure that pnysicists will not be matisfied witil this
querstion is anawered.

T have one commont of encouragemcnt and admonition for the younger people
in reacarch todany. I have often heard cxpredsed the dim prophecy that any day
now, computers will take over the rest of the work that needsa to be done. “We
will only have to program the Schradinger equation, and giant computers will
molve cvery problem in solld atate physica.” This {8 nonscase. That computer
docr not exint today, nor will Lt cver exfst, an far into t'«w future as T can
sce. The physles of many—particle systemn 18 extremely couplen; progress will
always depend on the ability of the actentist to weparate out and understard new
aspectn of the probleme This {sa hard work, bhut for those whe expect the

camputer to do 1t for them, propgreas will surely stop.
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FIGURL CAPTIONS

Fipure 1. Temperature dependence of the Debye teuperature for NaCl [from E.W.

Kellermann, Proc. Roy. Soc. Al78, 17 (i941)]. Smooth 1ine is from

experimental heat capacity, circeles are Kellermann'a calculation,

Figure 2. Fhonon frequencien for Al [tigure I8 from D.C. Wallace, Phys. Roev,

187, 991 (1969)]. The lnew are calculated from pneudopotentfal

theory, the dots ae from experiment.

Figure 3. Pihonon frequencien for S1. Solid 1!nes are caleulated, open symholn

arc from exaperiment [the t{pure Is from P.E, Van Camp, V.E. Van

Noren and .J.T. Devreene, Phyn. Reve Lett. 42, 1224 (1979)].



